Abstract. We present a reduction of the Hilbert-Smith conjecture in the case of the finite dimensional orbit space to some algebraic topology problems.
Introduction
The 5th Hilbert's problem [H] has an unsettled extension known as the Hilbert-Smith conjecture [Sm] :
1.1. Conjecture (Hilbert-Smith Conjecture) . If a compact group G acts effectively (freely) on a connected manifold, then G is a Lie group.
It is known that the Hilbert-Smith conjecture is equivalent to the question whether the group of p-adic integers A p can act effectively (freely) on a manifold [Sm2] .
The Conjecture is proven for n-dimensional manifolds with n ≤ 2 [MZ2] and n = 3 [P] . For arbitrary n the Hilbert-Smith Conjecture is proven for smooth actions on a smooth manifold [MZ2] , for Lipschitz actions on Riemannian manifolds [RSc] , for Hölder actions [Mal] , and for quasi-conformal actions [Mar] .
A quite deep but not yet successful line of research on the HilbertSmith Conjecture is known as the orbit space method. For an effective action of a compact group G on a space X the formula for the dimension of the orbit space dim X/G = dim X − dim G seemed quite natural. Since A p is homeomorphic to the Cantor set and hence, dim A p = 0, one would expect the dimension of the orbit space M/A p of an effective action of an n-manifold to be equal n. Contrary to that P.A. Smith found in 1940 [Sm] that this dimension is not n. Later C.T. Yang proved [Y1] that the cohomological dimension Date: April 29, 2015. 2000 Mathematics Subject Classification. Primary 55M30; Secondary 53C23, 57N65 .
Supported by NSF, grant DMS-1304627. dim Z M/A p of the orbit space of an effective p-adic action on an nmanifold M equals n+2. Therefore, by Alexandroff's theorem [A] , [Wa] about the coincidence of cohomological and covering dimensions in the case when the latter is finite implies that either dim M/A p = n + 2 or dim M/A p = ∞. The other surprising properties of the orbit spaces of p-adic actions can be found in [BRW] , [R] , [RW] , [Wi] , [Y2] . Still there is a hope that those bizarre properties of the orbit space M/A p could lead to a contradiction and prove the Hilbert-Smith Conjecture.
Recently a different from the orbit space approach to the HilbertSmith Conjecture was proposed in [KMW] .
In this paper we consider the Hilbert-Smith Conjecture under the assumption that the dimension of the orbit space is finite. We consider only free actions.
1.2. Conjecture (Weak Hilbert-Smith conjecture). If a compact group G acts freely on a manifold M and dimension of the orbit space M/G is finite, then G is a Lie group.
We reduce the weak Hilbert-Smith conjecture to two problems which we call the Essential Lens Sequence problem (Problem 3.1) and the Injectivity Conjecture (Conjecture 5.4). The reduction is based on an idea of Williams to use the infinite product in the K-theory of some special version of a classifying space BA p for the group A p [Wi] . We should warn the reader that in the definition of classifying spaces for A p in [Wi] the order of direct and inverse limit must be exchanged.
The Essential Lens Sequence problem is a quest for compact 'classifying space' (we call it here a rough classifying space) which has an infinite product in K-theory and hence infinite dimensional. A finite dimensional compact rough classifying space for A p was constructed by Floyd [Wi] . Existence of such an infinite dimensional rough classifying space together with Borel's construction would bring examples of cell-like maps which are Hurewicz fibrations and yet have nontrivial cokernels in K-theory. This looks surprising but it does not contradict to all known facts about cell-like maps. Thus, cell-like maps of manifold can have nontrivial kernels in homology K-theory [DFW] .
The Injectivity Conjecture is a technical K-theoretic statement about p-adic actions on manifolds. We conclude the paper by reduction of this conjecture to some less technical but perhaps more difficult problems like the Hurewicz fibration problem.
Our approach to the Hilbert-Smith Conjecture does not exclude a possibility of a p-adic action on a manifold with an infinite dimensional orbit space. On the other hand still there is no known examples of padic actions on a finite dimensional compact space with an infinite dimensional orbit space. Though there are examples of such actions of Cantor groups [DW] , [Le] .
Preliminaries
2.1. p-Adic actions. By Z m = Z/mZ we denote the cyclic group of oder m. Let p be a prime number. The p-adic integers is a topological group defined as the inverse limit of the sequence
where every bonding map Z p k+1 → Z p k is the mod p k comparison. Note that every closed subgroup of A p has the form p k A p . If the group A p acts on a space X, then X can be presented as the limit space of the inverse sequence
with X 0 = X/A p and each space X k equals to the orbit space X/p k A p of the action of the subgroup p k A p , all the bonding maps q k+1 k are the projection to the orbit space of a Z p -action, and every composition
is the projection onto the orbit space of an action of the quotient group
2.2. Borel construction. Let a group G act on spaces X and E with the projections onto the orbit spaces q X : X → X/G and q E : E → E/G. Let q X×E : X ×E → X × G X = (X ×E)/G denote the projection to the orbit space of the diagonal action of G on X × E. Then there is a commutative diagram called the Borel construction [AB] :
If G is compact and the actions are free, then all projections in the diagram are Hurewicz fibrations. Moreover, if q E is locally trivial, then so is p X . The fiber p −1 X (y) is homeomorphic to X/I z where I z = {g ∈ G | g(z) = z} is the isotropy group of z ∈ q −1 E (y).
Essential sequences of lens spaces
For an integer m we denote the standard (2n
where the Z m -action on (2n − 1)-sphere S 2n−1 ⊂ C n is obtained from the rotation by 2π/m in every coordinate plane C in C n . Note that the classifying space BZ m = K(Z m , 1) can be presented as the increasing union ∪ n L n (m). We call a map betwwen lens spaces q :
induces an epimorphism of the fundamental groups.
Problem (Essential Lens Sequence Problem).
Given an odd prime p, does there exist an infinite sequence of lens spaces
with essential bonding maps, k i → ∞, and n i > p
It is known (see Section 4) that d(c), the dimension of a lens space in an essential sequence as a function of the cardinality of its fundamental group, can grow at most linearly. Floyd's example [Wi] gives us an essential sequence of lens spaces with constant function d(c) = 3. Using ideas from [Dr] it is possible to construct an essential sequence with d(c) ∼ log c. It turns out that for our applications to the Hilbert-Smith conjecture we need d(c) to be linear. This requirement is spelled out in the condition: n i > p k i −k 0 . The ELS problem can be stated for concrete values of k i and n i :
(1) k i = i + 1 and
Suppose that a sequence from Problem 3.1 does exist. Then the maps
between the universal covers. Denote by
i } the corresponding inverse limits. Then the following proposition is straightforward.
Proposition.
The compact E is cell-like and there is a free A paction on E with the orbit space B.
Below we state some extra properties of B which are not used in the paper. Using Ferry's theorem [F1] we can modify the bonding maps (possibly with stabilizations) in the inverse sequence lim ← {L
0 -maps. Then we may assume that B and E are path connected and locally path connected. We recall thať
Proof. Embed E into the Hilbert space ℓ 2 equivariantly [KMW] . Straight paths in ℓ 2 from 0 to the orbit A p 0 of 0 define an embedding of A p into π 1 (ℓ 2 /A p ). Being a Peano continuum E is an absolute extensor for 1-dimensional spaces. Hence the map of Cone(A p 0) → ℓ 2 can be deformed into E. This defines a homomorphism of A p to π 1 (B) which is a section ofč.
3.1. K-theory of lens spaces. For any r the actions of the groups
The canonical line bundle η over CP ∞ defines the line bundles over all spaces in the diagram. This bundle defines an element in the K-theory of the Eilenberg-MacLane space BZ p k which will be denoted by η k .
As it was computed by Atiyah (see [AS] ) the K-theory of BZ p k equals the completion of the representation ring RZ p k of Z p k . We recall that,
p k where η is generated by the embedding η :
Note that η k is obtained from η by passing to the map of classifying spaces η : BZ p k → BS 1 = CP ∞ and pulling back the canonical complex line bundle. Thus, taking the completion we obtain
] denotes the ring of formal series with the variable x and coefficients in A. Note that the mod p k comparison homomorphism Z p k+r → Z p k takes the generator η k+r to η p r k . Letη k denote the restrictions of these classes to the (2n−1)-dimensional lens space L n (p k ). The K-theory of this lens space was computed in [Ma] , [Ka] :
We note that the subring of Z-polynomials inη k divisible byη k − 1 is isomorphic to the reduced K-theory of L n (p k ) (see [KS] ). Suppose that a reduced cohomology theoryh * is defined by a ring spectrum. We say that elements α i ∈h * (X) form an infinite product if α 1 α 2 · · · α m = 0 for all m. A nonzero element α ∈h 0 (X) represents an infinite product if there is an infinite chain of equalities:
Informally, α can be written as the infinite product
) be the projection of the limit in the above inverse system. Then the induced homomorphism in the reduced mod p K-theory
takesη k 0 − 1 to a nonzero element α which is an infinite product.
Proof. We note that the universal coefficient formula for Z p coefficients holds true for K-theory. Thus there is a natural inclusion
We adopt the notations
We set α 1 = (q 1 ) * (x
We define α 2 = (q 2 ) * (x p r 2 −1 2 + · · · + x 2 + 1) and β 2 = (q 2 ) * (x 1 − 1) to obtain β 1 = α 2 β 2 and so on.
It remains to show that the elements x
+ · · · + x i + 1 belong to the reduced K-theory and (q i 0 )
* (x 0 − 1) = 0 are nonzero for all i. To prove the former we note that in view of the equality
To prove the later we note that
− 1 is not effected by the extra condition (x i − 1) n i = 0, and hence it is nonzero.
3.5. Corollary. The reduced K-theory cup length of B is unbounded.
Lens Sequence Problem and the Schwarz genus
We consider the level functions defined in [Me] 
where f is a Z p -equivariant map for free actions. Low bounds for these functions were given by Vick [V] , rediscovered by Bartsch [Ba] , and formulated in this way by D. Meyer [Me] :
+ 2 for odd p and m = 2 mod p [Me] .
REMARK. The existence of a sequence of lens spaces as in Problem 3.1 does not contradict to the above estimates of the level functions. Indeed, for i > j the composition q j+1 j
. Therefore, we have the inequality
which is consistent with the conditions on k i and n i .
Schwarz genus.
We recall that the Schwarz genus Sg(f ) of a fibration f : E → B is the minimal k such that B can be covered by open sets A 1 , . . . , A k such that p admits a section on each A i [Sch] .
4.1. Proposition. Sg(f ) ≤ n if and only if * n f : * n B E → B admits a section.
A free action of Z r on S 1 defines a free Z r -action on S 2m−1 = * m S 1 , and a free action of Z pr on S 2m−1 defines a free Z r -action on L m (p). In the question below we consider free
Problem. What is the Schwarz genus of the S
In particular, if m = 2 mod p, is Sg(π 
4.4.
Theorem. There is a map q : 
A reduction of the weak Hilbert-Smith conjecture
5.1. Dimension, LS-category, and cup-length. We recall that a topological space X has the Lusternick-Schnirelmann category (LScategory for short) cat(X) ≤ n if there is an open cover U 0 , . . . , U n of X by n + 1 contractible in X sets. It's known that in the case of ANR, it suffices to take closed U i s or even arbitrary [Sr] . We refer to [CLOT] for general properties of the LS-category. The basic properties are that cat(X) is a homotopy invariant, it is bounded from above by dimension dim X, and from below by the length of a nonzero cup product of nonzero dimensional elements in cohomology. It is known that the cohomology in this cup product could be generalized or even 0-dimensinal if one uses a reduced cohomology theory. 5.1. Proposition. The LS-category of a finite connected complex is greater than or equal to the cup-length for any reduced generalized cohomology theoryh * .
Proof. This proposition can be extracted from [Ru] . We give an alternative proof, since it is short. Assume that w = α 1 ⌣ · · · ⌣ α k = 0 inh * (X). Suppose that cat LS X ≤ k − 1. Then there is a cover U 1 , . . . , U k of X by contractible in X subcomplexes. The long exact sequence of pair (X, U i ) for the reduced h-cohomology and the fact thath * (X) →h * (U i ) are 0-homomorphisms imply that the homomorphismsh * (X; U i ) →h * (X) are isomorphisms in all dimension. Let α i denote the corresponding elements inh * (X; U i ). Then the product w =ᾱ 1 ⌣ · · · ⌣ᾱ k = 0. On the other hand,w ∈h * (X; U 1 ∪· · ·∪U k ) = h * (X; X) = 0. We have a contradiction.
5.2.
Corollary. The cup-length of a finite connected complex for any generalized reduced cohomology theoryh * does not exceed the dimension of the complex.
5.3. Theorem. For a finite dimensional compact metric connected space X, the cup-length for any reduced generalized cohomology theory does not exceed dim X.
Proof. Let dim X = n. Then X can be presented as the inverse limit of a sequence of n-dimensional polyhedra X = lim ← L m . If
. . , k, and β 1 ⌣ · · · ⌣ β k = 0 where p k : X → L k is the projection in the inverse system. By Corollary 5.2, k ≤ n.
Injectivity conjecture.
The orbit space of a free G-action on a space of a trivial shape will be called a rough classifying space for G.
5.4.
Conjecture (Injectivity Conjecture). Let B be a compact rough classifying space for A p . Suppose that A p acts on a compact manifold (or Q-manifold) M. Then for any α ∈ K 0 (B) there is k such that p * M (α) = 0 where p M : M × Ap E → B is the projection from the Borel construction for the action on M of the subgroup p
We note that for k tending to infinity the Borel projections
In view of that the Injectivity Conjecture looks plausible in the case when the fiber of p M is a manifold (or Q-manifold).
The following is the main result of the paper:
5.5. Theorem. Suppose that the Injectivity Conjecture hods true and the Essential Lens Sequence problem has a solution. Then there is no free A p -action on a closed manifold with a finite dimensional orbit space.
Proof. Assume that there is such a free A p -action on an n-manifold M with dim M/A p < ∞. Then by the Yang's theorem dim M/A p = n + 2. Let B and E be as in Proposition 3.2. We apply the Injectivity Conjecture to the infinite product
defined by Corollary 3.5. Then p * M (α) = 0 for the action of p k A p for some k.
By Proposition 3.2 the projection p E from the Borel construction for that action is a cell-like map. Since dim M/p k A p < ∞, it is a shape equivalence and hence it induces an isomorphism in K-theory. Hence for each i there is
Since dim M/(p k A p ) = n + 2, we obtain a contradiction with Theorem 5.3.
6. Hurewiz fibration problem 6.1. Completely regular maps. Dyer and Hamstrom introduced the notion of a completely regular map in [DH] . We recall that a continuous surjection p : E → B between metric spaces is called completely regular if for each b ∈ B and ǫ > 0, there exists δ(b, ǫ) > 0 such that if
It is known that the complete regularity of a map does not depend on choice of metrics d B and d E .
Using Michael's selection theorem [M] , Dyer and Hamstrom proved the following theorem [DH] . 6.1. Theorem. Suppose that for a compact F the space Homeo(F ) is locally contractible. Then every completely regular map p : E → B with fiber F and a finite-dimensional B is a locally trivial fibration.
The mistake in the proof presented in [DH] was corrected in [Ha] . A detailed proof can be found in [RS] . Similar or stronger related results later were proven in [K] , [Se] , [CF] , [F2] .
6.2. Question (Fibration Problem). Is every completely regular map with a manifold fiber a Hurewicz fibration?
In view of Theorem 6.1, it is an open problem when the base is infinite dimensional. It is known that a completely regular map is a Serre fibration. We refer to [DS] for further discussion of the Fibration Problem.
6.2. Completely regular maps in the Borel construction. Suppose that a compact group G acts freely on a metric space E with the orbit space B. Suppose that it also acts on a compact space F . We may assume that G acts by isometries. Let p F : F × G E → B be the projection in the Borel construction.
6.3. Proposition. The projection p F is completely regular.
Proof. Fix y ∈ q −1 E (x). Since q E is open, any sequence x n converging to x in B admits a lift y n converging to y in E with respect to the orbit map
F (x k ) is the sequence of homeomorphisms that converges to the identity id : p −1
F (x) where c k : y → y k is the map of one-point spaces and with the fiber F . If Question 6.2 has an affirmative answer, then p is a Hurewicz fibration. Then the total space B × F of the trivial Ffibration over B × {1} can be deformed into F × Ap E. This implies the result.
6.6. Proposition. Suppose that A p ⊂ Homeo(D n , ∂D n ). Then A p admits a deformation h t : A p → Homeo(D n , ∂D n ) to the identity such h t is a group homomorphism for every t.
Proof. This follows from the Alexander trick. Let a : D n → D n be a generator of A p and let x 0 ∈ D n be its fixed point. Assume that x 0 ∈ Int(D n ). We may assume that x 0 = 0. Denote by r t : D n \ {0} → D n \ {0} the radial deformation to the boundary. Then r −1 t ar t defines a deformation of h to the identity. In view of the equality (r We call a G-action on a metric space X uniformly bounded if there is an upper bound on the diameter of orbits. Note that an action of A p on a closed aspherical manifold defines a bounded action on its universal cover.
Perhaps Edwards-Kirby's theorem would allow to extend Proposition 6.6 to all manifolds. We recall that by the Edwards-Kirby theorem [EK] (which goes back to the proof of Chernavsky's theorem on the local contractibility of Homeo(M) [Che] ) every homotopic to the identity homeomorphism h : M → M of a closed manifold can be presented as a finite composition h = h n • · · · • h 1 of homeomorphisms fixing the complement to a ball.
